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Abstract 
The previous analyses of beam ion instability have been performed for single gas species only. However, there are 
multiple gas species in the vacuum chambers of an accelerator. The superposition rule doesn’t apply in general and it 
overestimates  the  instability.  Therefore,  it  is  important  to  use  multiple  gas  species  model.  On  the  other  hand,  the 
variation of beam size along the accelerator ring or linac provides Landau damping to the instability. In previous studies, 
the effect of beam optics has been represented by a frequency spread and a quality factor. In practice, it could be 
difficult to accurately estimate the frequency spread and quality factor for general beam optics because the variation of 
the beam size along the ring usually doesn’t have simple distribution. This paper provides a more accurate method to 
analyze beam ion instability with arbitrary vacuum component and arbitrary beam optics where the variation of the 
beam size along the accelerator ring or linac can be arbitrary. Meanwhile, the nonlinear space charge effect is also 
included  and  the  general  beam  filling  pattern  can  be  easily  modeled.  Our  analyses  agree  well  with  expensive 
simulations.  
PACS numbers: 29.27.Bd, 29.20.db 
I.  INTRODUCTION 
In accelerators with negatively charged beams, for instance electron accelerator, ions generated from the residual gas 
molecules due to beam gas ionization can be trapped by the beam. The trapped ions interact resonantly with the beam 
and cause a beam-ion coherent instability, tune shift and emittance blow-up. This beam-ion instability can occur in both 
rings and linacs. The beam emittance of future accelerators will be at the ultra small, picometer level where strong beam 
ion instability can occur. The analysis of beam ion instability has been done for single bunch train [1-6] and multi-bunch 
train beam filling patterns [7].  A number of important factors need to be properly modeled in order to give accurate 
analysis. These key factors include nonlinear space charge force, realistic multiple gas species and beam optics effect. 
All the effects contribute to make the instability weaker.   
In all previous analyses, a single gas species model has been used. In the real vacuum chamber, there are multiple gas 
species. A single gas-species model overestimates the beam ion instability. Multi-gas species can provide important 
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model. This becomes essential for multi-bunch trains beam, since the efficiency of the beam filling pattern at reducing 
the ion density depends on both beam density and the mass of ions [7]. Therefore the reduction of the ion density by 
using multiple bunch train beam depends on the ion species. In fact gaps in the bunch train are more effective to reduce 
the density of lighter ions. Hence it is important to accurately model both the beam filling pattern and the vacuum 
simultaneously.  
We discuss the beam ion instability with an electron beam in this paper. The electron bunch has Gaussian distribution 
and its space charge field has strong nonlinearity [2, 6, 7].  The strong nonlinear field of Gaussian distributed particles 
induces a large frequency spread, and hence causes a low Q of the space charge wake function. In other words, the wake 
field decays quickly due to the nonlinear space charge force and it provides strong damping to the instability. Note that 
the growth rate of the instability is proportional to the Q factor, or inversely proportional to the frequency spread [6, 7].   
Ions are distributed along the whole accelerator beam chamber where the beam size usually varies significantly. 
Therefore, ions at different locations of the accelerator have different oscillation frequencies,  so the ions couple to beam 
with different frequencies. This frequency spread induced by the beam optics provides Landau damping to the beam ion 
instability. The effect of beam optics was included in the previous analyses as a frequency spread [3] and a Q factor [7]. 
However, it remains unanswered how to accurately calculate the frequency spread and Q factor  in practice because it is 
not straightforward to accurately determine them for a given arbitrary beam optics.  
Therefore, it becomes crucial to simultaneously and accurately include the effects of multiple gas species, nonlinear 
space charge force and beam optics. This paper presents a more practical way of modeling all three factors together in a 
general case where the vacuum and the beam optics can be arbitrary. We apply the model to fill patterns with multiple 
short bunch trains followed by short gaps with empty bunches. Short gaps in the trains of electron bunches are a very 
effective mitigation of beam ion instability with high current and low emittance beams [7]. Therefore multiple bunch 
trains will be the choice of future high intensity electron accelerators. However our model is valid for any beam filling 
pattern, such as a single bunch train. The method used in this paper can be used for storage rings, linacs and extraction 
beam lines.  
To  be  specific,  we  use  SPEAR3  storage  ring  and  the  International  Linear  Collider  (ILC)  damping  ring  for  our 
analyses. The SPEAR3 ring, like most light sources, has relatively small variation in betatron function along the ring. 
On the other hand, there is large variation in beam size in the ILC damping ring and Colliders, for instance PEPII, 
KEKB, SuperB and SuperKEKB. Table 1 lists the main parameters of SPEAR3 and the ILC DTC damping ring [8]. 
Table 1 Main Parameters of SPEAR3 and the ILC DTC damping Ring Physics  Symbol/Unit  SPEAR3  ILC DTC damping ring 
Beam Energy  E0 [GeV]  3  5 
Circumference  C  [m]  234  3238.76 
Horizontal Emittance  εx [nm]  10  0.637 
Vertical  Emittance  εy [pm]  14  2 
Beam Current  I  [mA]  200-500  389/779 
Bunch Number  M  280  1312/2625 
Harmonic Number  h  372  7022 
Bunch Spacing  ns  2.1  6.2/3.1 
RF Frequency  fRF [MHz]  476.315  650 
Revolution Frequency  f0   [MHz]  1.280  0.09 
Tune  νx / νy / νs  14.1/6.18/0.01  48.36/27.22/ 0.03 
Momentum Compaction Factor  α  1.6×10
-3  3.36×10
-4 
Energy Spread  σe  9.8×10
-4  1.0×10
-3 
Bunch Length  σl  [mm]  6  6 
Radiation Damping Time  τx /τy /τz  [ms]  4.0/5.3/3.2  22/22/11 
Total Vacuum Pressure  P [nTorr]  0.1~0.5  0.5 
 
This paper is organized as follows. The wake function and impedance due to ion cloud with arbitrary beam optics, 
vacuum and beam filling pattern are presented in section II. In section III, a rigorous and direct method to analyze the 
instability with arbitrary beam optics and vacuum is described using both wake function and impedance. It clearly 
shows the importance of the multiple gas species model. The analyses of beam ion instability in the frequency domain in 
section IV gives a deeper understanding of the physics. The beam ion instability can be much better explained by the 
impedance than the wake function. There we also discuss the suppression of the beam ion instability by chromaticity 
and the way to estimate the frequency spread induced by the beam optics, which can be used in other analyses as used in 
[3,6,7]. Finally comparisons between simulations and analyses are given in section V.  
II.  WAKE FUNCTION AND IMPEDANCE WITH ARBITARY BEAM OPTICS AND 
VACUUM 
The  beam  ion  instability  is  two-stream  beam  instability. The  ions  generated  by  gas  ionization  are  trapped  by  a 
negative charged beam (electron beam here). In the linear regime, the coupling force between the two-stream electron-
ion beams can be described by a wake function.  When ωiSb/c<<1, the wake function of an ion-cloud with a constant 
beam size is given by [7]  
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is electron bunch population, Sb is bunch spacing and 
y x, σ  is the transverse root mean square (rms) beam size of the 
electron bunches. Q0 is the quality factor due to the nonlinear space charge field, which depends on the distribution of 
the particles. It is about 9 by simulation for a Gaussian distributed beam [7]. The nonlinearity varies with the vertical 
beam emittance when the horizontal emittance is fixed. For instance, the Q0 value changes from 8.63 to 9.74 when the 
vertical  emittance  is  increased  from  1  nm  to  8  nm  in  our  simulation.  The  nonlinearity  of  the  fields  with  other 
distributions can also be estimated numerically.  
The  wake  function of an  ion beam represents the space charge  force between the ion-electron beams. But it is 
different from the traditional space charge wake and impedance. For the two-stream electron-ion beams, the leading 
electron bunch affects the following one via the ion beam. As a result, the wake function of the two-stream beams 
depends on the charge and distribution of the two beams. Note that the distribution of ion cloud is not exactly Gaussian 
distribution, but the electric  field of the ion-cloud closely approximates that of a  Gaussian distribution. The  wake 
function given in Eqs.(1-2) is based on this approximation and it slightly underestimates the wake function of ion cloud 
[7]. For a flat beam as in most electron rings, the vertical wake function is larger than the horizontal one. Therefore, 
there is a stronger instability in the vertical plane. In the rest of this paper we will discuss about the instability in the 
vertical direction only and omit the subscript y in some variables for simplicity. The coherent ion oscillation frequency 
is 
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In general the beam size varies along the ring and the vacuum pressure can also be different from section to section 
along the ring. The total wake function from the ions can be calculated from the integral around the whole ring as 
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Where  λi  is  the  ion  line  density.  The  volume  density  of  ion-cloud  increases  linearly  along  the  bunch  train  and 
exponentially decays during the bunch train gap with a decay time of the order of ion oscillation period [7]. Therefore, 
the above equation can be used to calculate the wake function with arbitrary beam filling pattern. For instance, for a 
single bunch train consisting of nb bunches followed by a long gap [1-3], the ion line density at the end of bunch train is 
given by 
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δ λ =  .                                                         (5) Here P is the vacuum pressure, δi is the ionization cross-section, L is the length of bunch train,  T is temperature and k is 
Boltzmann constant.  
The total wake function with multiple gas species can be calculated from Eq.(4) by linearly adding the wake function 
of different ion species together. As a result, Eq.(4) gives the total wake function of ions along the ring with arbitrary 
beam optics and vacuum, which also includes the nonlinear space charge effect. It should be pointed out that it is 
essential to calculate the wake function using the integral in Eq. (4). The wake function can be very inaccurate if it is 
estimated by assuming a constant beam size along the ring as it is shown later.   
The  vacuum  of  different  accelerators  varies.  Table  2  shows  the  measured  vacuum  components  in  the  SPEAR3 
chambers. They are the average values of four vacuum gauge data. Hydrogen is the dominant gas. We will use this 
vacuum component through this paper.  
In most cases, it is clearer to look at the problem in frequency domain. The total impedance due to the ion cloud along 
the whole ring can be obtained by Fourier Transform of the wake function as 
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The wake function and the impedance including all effects (nonlinear space charge force, beam optics and multiple 
gas species) in SPEAR3 for a total pressure of 0.5 nTorr is shown in Fig.1. The beam filling pattern consists of six 
bunch trains and a total beam current of 500 mA. The ion density seen by different bunches varies when the beam is not 
uniformly distributed. The wake function is calculated using the average ion density seen by all bunches. To improve 
comprehension of the physics, the wake function and the impedance induced by different ion species are presented in 
order to compare the instability driven by different ion species. A quality factor Q0 of 9 is used. The wake function of 
the CO2 ion species has the largest amplitude due to its large ionization cross-section and small diffusion rate during the 
train gap because of its large mass. H2 ion species has the second largest wake function due to the largest contribution to 
the vacuum pressure. The wake functions of each type ions in Fig. 1a still have resonance form. The wavelength of 
wake functions is longer than the bunch spacing. Therefore they can cause couple bunch instability. Similarly to the 
beam optics effect, the multi-gas species can also contribute to an additional spread in the ion frequency, as shown in 
Fig. 1b.  The overlapping of the frequencies of different types of ions species increases the overall ion frequency spread 
and therefore it further mitigates the instability. Note that the frequency of H2 ion is well separated from the frequencies 
of other ion species. 
Table 2: Vacuum in the SPEAR3 beam chamber  
Gas Species  Mass Number  Cross-section (Mbarn)  Percent composition H2  2  0.35  48% 
CH4  16  2.1  5% 
H2O  18  1.64  16% 
CO  28  2.0  14% 
CO2  44  2.92  17% 
   
FIG. 1. Wake function (a) and the real part of impedance (b) due to different ion species in SPEAR3 with total pressure 
of 0.5 nTorr. The vacuum components are listed in Table 2. The beam filling pattern consists of six bunch trains and a 
total beam current of 500 mA. The total bunch number is 280. 
The ILC beam has three different beam filling patterns as shown in Table 3: so called KCS, DRFS and FP upgrade. 
The KCS and DRFS have the same number of bunches and beam current. They are different only in the beam filling 
pattern: KCS has longer bunch train and longer bunch train gap. FP upgrade configuration has the highest beam current 
and the longest bunch train. Note that the beam filling pattern is not exactly periodic as shown in Table 3. Besides the 
filling pattern configuration shown in Table 3, an additional bunch train follows to make the total bunch number as 
listed. Fig. 2 shows the vertical wake function and impedance of various types of ion species in the KCS case with a 
total vacuum pressure of 0.5 nTorr. Differently from the SPEAR3 case, the wake function in the ILC damping ring no 
longer has the resonance form as shown in Eq. (1) although it is a superposition of resonance forms. There are three 
peaks in the impedance of each type of ion species. Different peaks are the contributions of ions from the different 
sections along the ring, which can be clearly seen from the frequency distribution along the ring as shown in Fig. 3. The 
large variation of ion frequencies can explain the shape of the wake function and the impedance. The long standard 
section contributes to the first peak (low frequency end) in the impedance plot while the short (about 200 meters long) 
wiggler section (with high frequency) contributes the third peak in the impedance.  The wake function is proportional to 
2 / 3 )] ( [
− + x y y σ σ σ . Therefore the high frequency (small beam size) section is very important although it is short. 
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(b)Apparently, there is a lager variation in beam size along the ILC damping ring when compared with that of the SPEAR3 
ring.  Therefore, a stronger damping of the instability is expected.  
Table 3: Beam filling patterns in the ILC DTC damping ring 
Parameters  KCS  DRFS  FP upgrade 
Number of Bunches  1312  1312  2625 
Beam Current[mA]  389  389  779 
Bunch Spacing [λRF]  4  4  2 
Beam Filling Period  19  14  29 
Fill Pattern (1period)       
Train [bunch number]  34  22  44 
Gap [in λRF]  45  33  31 
Train [bunch number]  34  22  45 
Gap [in λRF]  49  33  31 
Train [bunch number]    22   
Gap [in λRF]    33   
    23   
    33   
   
FIG. 2. Wake function (a) and the real part of impedance (b) driven by various ion species in the ILC vacuum chamber 
with KCS beam. The total vacuum pressure is 0.5 nTorr with partial gas pressures percentage shown in Table 2. 
 
FIG. 3. Calculated vertical ion frequency along the ILC damping ring with the KCS beam. 
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CO2III.  ANALYSIS OF INSTABILITY USING ARBITARY WAKE FUNCTION AND 
IMPEDANCE 
The wake function in the general case with arbitrary beam optics and vacuum is given by Eq.(4). It is straight forward 
to calculate the instability directly using the wake function. When the beam is evenly filled along the ring, the coherent 
frequency shift for mode number µ is [9] 
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Hereνy and ωβ  are the betatron tune and frequency, M is the bunch number and C is the circumference, re is the classical 
radius of electron and γ  is the relativistic factor. We first applied the above approach to the study of beam ion instability 
in the ILC damping ring [10]. Similarly, the coherent frequency shift can also be calculated using the impedance of the 
ion cloud as 
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Here T0 and ω0 are the revolution period and frequency. The real part of the frequency shift gives the tune shift due to 
ion cloud and the imaginary part gives the exponential growth rate of the coupled bunch instability. The growth time of 
the instability is the inverse of the growth rate. A multi-bunch train beam filling pattern with short train gaps is an 
effective way to mitigate the beam ion instability. We will use the formulae above to estimate the beam ion instability of 
multi-bunch train beam with the approximation of a uniformly distributed beam.  
Effects of multiple gas species 
Fig. 4 shows the calculated growth rate and tune shift of the unstable modes in SPEAR3 using the wake function and 
impedance shown in Fig. 1. A negative growth rate means instability. The distribution of the growth rate of the unstable 
modes can be clearly explained by the impedance. The unstable modes driven by CO2
+, CO
+, H2O
+ and CH4
+ are close 
to each other, while the unstable modes driven by H2
+ are well separated. The growth time of the fastest unstable mode 
is 2.0 ms, which agrees well with the simulated growth time of 1.6 ms. The growth time of the fastest unstable modes 
driven by H2
+ is 16 ms, which is longer than the radiation damping time of 5.3 ms. Therefore, the unstable modes driven 
by H2
+ are completely suppressed. This agrees with the observation at SPEAR3 where no unstable modes driven by H2
+ 
have  been  found.  The  results  of  Fig.  4  clearly  show  the  reason  why  superposition  rule  doesn’t  apply  since  the 
distributions of the unstable modes driven by different ion species are different due to the difference in their oscillation 
frequencies. The single gas model would overestimate the instability with the simplified assumption that the mode 
numbers driven by different ion species are the same. Therefore, it is important to use multiple gas species in the analysis and simulation. The maximum tune shift ∆Qy due to the ion cloud is 5×10
-5, which is negligible compared with 
other impedance effects.  
The impedance of ion cloud in the ILC damping ring is widely distributed due to the large variation of the beam size 
along the ring. This results in a stronger damping to the beam instability. Fig. 5 shows the estimated growth rate and 
tune shift due to various types of ions with the KCS beam. There is a minimum growth time of 0.89 ms and maximum 
tune shift of 0.002. It agrees with the simulated growth time of 0.61 ms as shown later. Three unstable regimes appear 
for CO2
+, CO
+, H2O
+. Each regime of the unstable modes is driven by ions at different sections along the ring as 
expected from the impedance shown in Fig. 2b and the ion frequency distribution in Fig. 3. The frequencies of CO2
+, 
CO
+, H2O
+ and CH4
+ form a continuous spectrum, which ranges from 10MHz to 100MHz. This wide frequency range 
contributes to the broadband of unstable modes in Fig. 5. It is interesting to note that the unstable modes around mode 
900 driven by H2
+ are damped, while these modes driven by other ion species are unstable. Thence, the total growth rate 
including the effect of multiple gas species is actually reduced. Hydrogen ions provide damping to the most unstable 
modes. Once again, it is crucial to model the beam ion instability using multi-gas species vacuum.  
 Fig. 6 shows the unstable modes for the FP upgrade beam configuration. The FP upgrade configuration has the 
shortest growth time of 0.7 ms due to the highest beam current. The damping effect of H
+ on the most unstable mode is 
large in the FP upgrade configuration. The maximum tune shift ∆Qy due to the ion cloud is 0.0027. Benefitting from 
shorter bunch trains, the DRFS configuration (not shown here) has a longer growth time of 1.2 ms although it has the 
same beam current as the KCS configuration.  
For a multiple bunch train filling pattern, the tune shift induced by the ion cloud varies along the bunch train, which 
may provides BNS damping to the beam instability [5]. However, this tune spread is very small and its damping effect 
is negligible in this case.   
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unstable mode is 2.0 ms.  The peak at mode 280 is driven by hydrogen ions, which has a growth time of 16 ms. 
 
FIG. 5. Growth rate and tune shift due to various ion species for the ILC KCS configuration. For each gas species, only 
the growth rates are shown. The total vacuum pressure is 0.5 nTorr with partial gas pressures percentages shown in 
Table 2. 
    
FIG. 6. The unstable modes driven by various types of ions for the ILC FP upgrade configuration. The total vacuum 
pressure is 0.5 nTorr with partial gas pressures percentages shown in Table 2. 
Effects of nonlinear space charge force and beam optics 
Both nonlinear space charge force and the beam size variation due to the beam optics provide damping to the beam 
ion instability. Therefore, it is interesting to investigate their damping effects independently. The comparison of the 
effects of nonlinear space charge force and beam optics in SPEAR3 is shown in Fig. 7. Three cases are compared: (1) 
with nonlinear space charge force only; (2) with beam optics effect only; (3) with both effects. The nonlinear space 
charge force is turned on and off by a low Q0 of 9 and a high Q0 of 1000, respectively.  The beam optics effect is 
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Total Tune shiftincluded or excluded by using variational or constant beam size, respectively. In the case of a constant beam size, an 
average betatron function is used to calculate the beam size. The figure shows that the nonlinear space charge force and 
the beam optics effect have a similar damping effect on the beam ion instability in SPEAR3.  
 
FIG. 7. The growth rate of beam instability in SPEAR3 with different effects: with nonlinear space charge effect only; 
with beam optics effect only and with both nonlinear space charge force and beam optics effects. 
 
The comparison of the effects of nonlinear space charge force and beam optics in the ILC KCS case is shown in Fig. 
8. The large variation in beam size does provide a strong damping to the instability as expected. The damping of the 
instability due to the variation of beam size is about twice stronger than the nonlinear space charge effect. Generally 
speaking, both effects are important in the damping of the beam ion instability. 
   
FIG. 8. The real part of the impedance (a) and growth rate of beam ion instability (b) in ILC damping ring with KCS 
configuration for various effects: with nonlinear space charge effect only; with beam optics effect only and with both 
nonlinear space charge force and beam optics effects. 
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(b)IV.  BETTER UNDERSTANDING OF THE UNDERLYING PHYSICS IN 
FREQUENCY DOMAIN 
Since we have both the wake function and impedance of the ion cloud, the beam instability can be analyzed either in 
frequency  domain  using  the  impedance  or  in  the  time  domain  using  the  wake  function.  However,  the  impedance 
provides the frequency information which directly relates to the distribution of the unstable modes and the beam optics. 
As  a  result,  the  instability  can  be  more  easily  explained  from  the  impedance.  The  impedance  provides  a  deeper 
understanding of the physics. In this section, we shall study some important characteristics of the beam ion instability in 
the frequency domain by using the impedance of the ion cloud.  
Estimation of the frequency spread due to the beam optics 
It is important to quantify the ion oscillation frequency spread due to the beam optics. It is represented by an rms 
relative frequency spread in [3] and Q factor in [7], respectively. However, it is not clear how to accurately calculate 
them for a given beam optics because the distribution of the ion frequency, as shown in Fig. 9, is far from the standard 
distribution. For instance, the calculated rms relative frequency spread in SPEAR is 100%, which is too large (to be used 
to estimate the beam instability) comparing with the instability study in previous section. The traditional definition of 
the quality factor Q is 
0
0
ω
ω
∆
= Q .                                                                             (9) 
 Where  0 ω ∆ is  the  full  width  at  half  maximum  (FWHM).  It  is  not  clear  how  to  define  0 ω ∆   for  the  frequency 
distribution shown in Fig. 9.  One may approximately estimate the Q factor due to beam optics as the ratio of average 
frequency along the ring ω to the stand derivation ω σ   
ω σ
ω
≈ optics Q .                                                                             (10) 
For instance, the estimated Q factor of the CO ion shown Fig. 9 is 9.86 for SPEAR3 and 3.97 for the ILC damping ring, 
respectively. It is a good approximation when comparing with the instability results in Section III and the accurate 
method in the following.  
FIG. 9. The distribution of CO ion vertical frequency in SPEAR3 and the ILC damping ring. 
Here we provide one method to accurately estimate the Q factor and frequency spread due to the beam optics. For a 
ring with small variation in beam size, like SPEAR3, the wake function integrated along the whole ring still have the 
resonance form as shown in Fig.1a.  In this case, the wake function due to the ions along the whole ring can be written 
in the following form 
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where Qring is the Q factor of the wake function  due to the ion cloud along the whole ring and Qoptics is due to the 
variation of beam size along the ring. We can get the following relationship from Eq.(11) 
    
optics ring Q Q Q
1 1 1
0
+ =
 
.                                                                  (12) 
The Q factor Qring can be found by fitting of the wake function along the whole ring. For the wake function of each type 
of ion species shown in Fig.1a, we get Qring =4.49 by fitting and Qoptics =8.9 from the above equation.  Fig. 10 shows the 
wake function of CO ion in SPEAR3 and the fitting to the resonance form. The wake function along the whole ring does 
have perfect resonance form. Note that the Qoptics in SPEAR3 is close to Q0 of 9.0 due to the nonlinear space charge 
effect.  This finding agrees with the analysis in the previous section where the beam optics and nonlinear space charge 
force contribute to a similar damping to the instability. The Qoptics represents the relative variation of the ion frequency 
due to the beam optics effect.  It doesn’t vary with ion species as expected. As a results, the total wake function 
(impedance) of ion cloud in SPEAR3 can be simply represented by 5 (due to 5 gas species in the model) resonance-type  
wake function (impedance). 
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SPEAR3
ILCIt should be pointed out that the wake function due to ions along the whole ring might not be well represented by 
single resonance mode with the form of Eq. (1) if there is a large frequency variation of the ions along the ring, for 
instance in the ILC damping ring. In this case, a few resonance-type wake functions with different frequency and Q can 
be used to represent the total wake function along the whole ring. The total wake function, for instance, can be separated 
into the wake functions in the arc, wiggler and straight sections. Apparently, the impedance driven by each type of gas 
species in the ILC damping ring shown in Fig.2 consists of 3 resonance modes. One can estimate the Q values (Qring and 
Qoptics) of each resonance mode following the methods above. 
 
FIG. 10.  Wake function of CO ion along the whole SPEAR3 ring for a beam current of 500mA. The wake function is 
perfertly fitted to a resonant type form with a resonant requency of 29.58MHz and Q of 4.485. 
The direct relation of the instability growth rate with the impedance 
One may notice that the distribution of unstable modes is similar to the distribution of impedance as shown before. 
Indeed, they are closely related. Now we look at the detail. For a resonance-type wake function shown in Eq.(1), the 
Fourier Transform gives the impedance in the frequency domain as 
 


 


− +
≈
 


 


− +
=
i
i
t
i
i
t
ion
iQ
Q W
iQ
Q W
Z
ω
ω
ω
ω ω
κ
ω
ω
κ ω
ω
κ
ω
ω
1
ˆ
1
1
ˆ
) (   .                                    (13) 
Here 
t W ˆ  and Q are the amplitude and quality factor obtained by fitting the wake function given by Eq.(4) according to 
the resonance model in Eq(1). The factor  1 ) 2 / 1 ( 1
2 ≈ − = Q κ in most cases. At the resonance,  i ω ω = , the real part 
of the effective impedance can be simplified to 
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FittingSubstituting the above equation into Eq.(8), we obtain the maximum growth rate of the instability 
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The above equation reveals important physics: the growth rate of an unstable mode is proportional to the impedance 
at  that  frequency.  This  explains  why  the  distribution  of  the  growth  rates  of  the  unstable  modes  is  similar  to  the 
impedance distribution as shown in previous sections. Therefore as shown in Fig. 1, the impedance can directly tell 
about the contribution of the unstable modes from different ion species. On the other hand, the wake function could not 
reveal it. For instance, the H2 ion in SPEAR3 gives a long growth time although its wake function has the second largest 
amplitude. The growth rate is proportional to  i t i t W Q W ω ω ∆ / ˆ ~ / ˆ . The Q factor is the same for all types of ion 
species. The large frequency of H2 ion and therefore a large frequency spread, which means a fast decay of the wake 
function, causes a small growth rate of the instability. Therefore Eq.(15) provides  an important information that heavy 
ions are relatively more important to the beam ion instability due to their small frequency and hence a large impedance. 
Meanwhile heavy ions have large ionization cross-section and the bunch train gaps are less effective at reducing the 
density of heavy ions. All these factors make heavy ions much more important for the instability. For instance, in 
SPEAR3 the fastest unstable mode is driven by CO2 ion, although its partial pressure is only 17% of the total. If the 
partial pressure of CO2 is reduced from 17% to 14% with the partial pressure of H2O 3% larger, the growth rate of the 
fastest unstable mode can be reduced by 15%. In short summary, an accurate vacuum model with multiple gas species is 
essential to model the beam ion instability. A single gas species vacuum model, as used before for most studies, makes 
it more difficult to represent realistic vacuum effects. 
Effects of bunched beam and chromaticity 
The above analyses are done with a single particle model. For a bunched beam, the interaction force depends on the 
product of the impedance and the bunching factor. The effective impedance of a bunched beam is given by 
∑
∞
−∞ =
− −
⊥ ⊥ =
p
c eff z e Z Z
2 2 2 / ) ( ) (
σ ω ω ξ ω .                                                     (16) 
Here the chromaticity frequency  η ξ ω ωξ / 0 = is the frequency shift due to the chromaticity  ) / /( p p Q ∆ ∆ = ξ  , η 
is the slippage factor defined as 
2 / 1 γ α η − = and α is the momentum compaction factor. With zero chromaticity, the 
effective  impedance  of  a  bunched  beam  is  almost  the  same  as  that  of  a  single  particle  beam  because  of  the  low 
frequency of the ion cloud impedance. Therefore the above analyses are also accurate for a bunched beam. However, a 
non-zero chromaticity induces frequency shift and reduces the effective impedance seen by the beam. The reduction 
effect depends on both the bunch length and the chromaticity frequency. It is more effective for machines with a low 
momentum compaction factor and a long bunch length. 
In the nominal operation of SPEAR3, a six bunch train beam filling pattern is used to mitigate the beam ion 
instability. When beam ion instability appears, which often happens at the beginning of a run after a long shut down, a 
slightly higher vertical chromaticity is used to completely suppress the instability. Fig. 11 shows the observed vertical 
low sidebands driven by ions at different vertical chromaticity in SPEAR3. The beam has a single bunch train, which consists of 280 bunches with a total beam current of 500mA.The sidebands are observed above the RF frequency. The 
frequency in the plot is the difference of the frequency at sideband and the RF frequency. The horizontal chromaticity is 
2.0 in all cases. It clearly shows the damping effect due to a large chromaticity. However, the beam life time drops from 
10 hours to 4.7 hours when the chromaticity increases from 2.0 to 7.0. A larger chromaticity can also reduce the beam 
injection rate. Therefore, the mitigation of beam ion instability with a large chromaticity may be limited in practice due 
to its side effects.  
Fig.12 shows the calculated damping effect of chromaticity on the beam ion instability in SPEAR3. A total vacuum 
pressure of 0.3 nTorr is used in order to compare with the observation. The instability driven by hydrogen ions is almost 
negligible even with a small chromaticity if considering the radiation damping shown by the dashed line in the plot. We 
rarely observed the sidebands driven by Hydrogen ions and they are weak signal on the noisy level even if we saw 
some. Note that the damping efficiency becomes large with an increasing chromaticity. For instance, the difference 
between a chromaticity of 8 and 6 is much larger than the difference between a chromaticity of 2 and 0. The analysis 
qualitatively agrees with the observation, especially the damping effect with an increasing chromaticity. The difference 
in the distribution shape of the unstable modes suggests that a larger number of CO2 ions is used in the analysis. This 
indicates that the partial pressure of CO2 is less than 17% in average as shown in Table 2.  
 
FIG.  11.  Observed  oscillation  amplitude  of  beam’s  vertical  lower  sidebands  with  varying  vertical  chromaticity  in 
SPEAR3. The beam has a single bunch train, which consists of 280 bunches with a total beam current of 500 mA in all 
the cases. The lifetime is also shown in the plot.  
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FIG. 12. Calculated  growth  rate of the beam ion instability in SPEAR3 at different chromaticity.  A  total vacuum 
pressure of 0.3 nTorr is used. The beam has a single bunch train, which consists of 280 bunches with a total beam 
current of 500 mA. The dashed line shows the radiation damping rate. 
V.  COMPARISION WITH SIMULATION 
Simulations have a number of advantages in the study of beam-ion instability: the nonlinearity of the ion-cloud force 
is automatically included; the effects of beam optics and bunch-train gap with arbitrary beam filling pattern can be 
easily handled; a realistic vacuum model with multi-gas species is straightforward in simulation. A Particle in Cell (PIC) 
code based on a wake-strong model is used here [7]. The code bas been benchmarked with SPEAR3 experiment [11] 
and there is a good agreement.  
The SPEAR3 vacuum shown in Table 2 with a total pressure of 0.5 nTorr is used in this simulation. A uniform 
vacuum pressure along the ring is assumed. The simulated beam ion instability in SPEAR3 can be found in [7]. The 
beam filling pattern consists of six bunch trains with a total beam current of 500 mA. The total vacuum pressure is 0.5 
nTorr with the gas species shown in Table 2. The exponential growth time is 1.62 ms, which agrees well with the 
analysis.  
Fig. 13 shows the simulated vertical beam ion instability in the ILC damping ring with KCS configuration. The exact 
beam filling patterns shown in Table 3, which are not uniform, are used in the simulations. There is an exponential 
growth when the amplitude of beam oscillation is smaller than the beam size, and then it grows slowly due to the strong 
nonlinearity of space charge force [12]. The spectrum of unstable modes is broad band and the distribution of the 
unstable  modes agrees  well  with the analysis shown  in  Fig. 5. The fastest exponential growth  times  for the three 
configurations shown in Table 3 are 0.61 ms, 0.91 ms and 0.40 ms, respectively. Again the simulations agree with our 
analyses. 
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FIG. 13. Simulated vertical beam ion instability in the ILC damping ring with KCS configuration: 3D plot (a) and 2D 
plot (b) of the growth of vertical amplitude; growth of unstable modes(c). The vertical oscillation amplitude in (a) is in 
linear scale, while it is in logarithmic scale in (b). The different lines in (a) and (b) are for different bunches. There is a 
total of 1312 bunches. The fastest growth time is 0.61 ms. 
SUMMARY AND CONCLUSION 
We  analyze  the  multi-bunch  train  beam  ion  instabilities  with  arbitrary  beam  optics,  multi-gas  species  vacuum, 
nonlinear  space  charge  force  and  realistic  beam  filling  pattern  together.  All  these  factors  provide  damping  to  the 
instability. Our analyses agree well with expensive simulation, which has been benchmarked with the observations in 
SPEAR3.  
Our studies show that it is critical to use multiple gas species. The simple superposition rule of adding the largest 
growth rate of each type of ions overestimates the instability. For instance, the instability driven by Hydrogen ions in 
SPEAR3 is completely suppressed by radiation damping. The Hydrogen ions in the ILC damping ring can even provide 
damping to the most unstable modes.  
The damping of the beam ion instability due to beam optics can be clearly seen in the analysis. A beam optics with 
large  variation in beam size, such as  the ILC damping ring, SuperB and SuperKEKB, provides stronger damping 
comparing with beam optics in light sources like SPEAR3. The damping effect can be simply represented by a Q factor. 
We introduced one accurate method to estimate the Q factor due to the beam optics, which is about 8.9 for the SPEAR3 
beam optics. 
The nonlinear space charge force also plays an important role in the damping of the beam ion instability; in SPEAR3 
it has similar damping effect as the beam optics. In the ILC damping ring, the damping of the instability due to the beam 
optics is about twice stronger than the nonlinear space charge effect benefiting from the larger variation of the beam size 
along the ring. 
The analyses of beam ion instability have been done in both frequency domain using impedance and time domain 
using wake function. We introduce the impedance model in the study of beam ion instability for the first time. The 
impedance of the ion cloud is broadband due to the variation of beam size along the accelerators and the multiple gas 
species in the vacuum. The impedance provides clear information for understanding the ion instability and the effect of 
beam  optics.  One  important  conclusion  is  that  light  ions  contribute  weakly  to  the  instabilities  due  to  their  large 
oscillation frequency. Other two factors also make light ions less important:  the ionization cross-section of light ions is 
small and the multiple bunch train filling pattern is very effective at reducing the density of light ions. Therefore, the 
heavy ions are much more important for the beam ion instability. 
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(b)A large chromaticity can mitigate the instability at the expense of reduced lifetime. Chromaticity is more effective for 
machines with a low momentum compaction factor and a long bunch length. 
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